Conversion and storage of modes with orbital angular momentum in quantum
  memory scheme by A., Vashukevich E. et al.
Conversion and storage of modes with orbital angular momentum in quantum
memory scheme
Vashukevich E.A., Golubeva T.Yu., Golubev Yu.M.
Saint Petersburg State University, Universitetskaya emb. 7/9, St. Petersburg, 199034 Russia
The paper studies the Raman quantum memory protocol as applied to quantum light with orbital
angular momentum. The memory protocol is implemented on an ensemble of three-level cold atoms
with the Λ- configuration of energy levels. The possibility of storing quantum statistics of light with
an orbital momentum is analysed in the case when the driving field could be treated as a plane wave.
The efficiency analysis shows that examined storage/retrieval processes do not cause the efficiency
decreasing compared with the spatial multimode memory protocol considered in [1]. We also present
an effective transformation of the orbital angular momentum of a quantum field on a memory cell
using the driving field with orbital angular momentum.
PACS numbers: 42.50.Dv, 42.50.Gy, 42.50.Ct, 32.80.Qk, 03.67.-a
I. INTRODUCTION
Nowadays, the development of protocols of a quantum
memory with the ability to store and retrieve recorded
quantum states is one of the cornerstones of quan-
tum communications and quantum computing. Many
schemes based on the interaction of light with the mat-
ter have been proposed. In particular, we can mention
schemes based on the EIT [2, 3] effect, the photon echo
effect [4, 5], Raman scattering by Λ-atoms [6] and many
others. In addition, experimental implementations of de-
vices for high-efficiency storage of the quantum states
were developed in [7–9].
In recent years, the possibility of not only storing but
also shaping a signal in memory cells has been actively
discussed. Concerning this necessity, an important re-
quirement for the developed protocols is the efficient
writing of a multimode signal. The possibility to write
and shape various time profiles of the quantum field was
demonstrated in [10, 11]. With the proper choice of the
driving field parameters, the shaping of the signal can
be performed with an efficiency close to 1. As for the
problem of spatial multimode memory, we can mention
the development of a holographic memory protocol in the
resonator configuration for optical images [12], as well as
spatial multimode memory in free space [13]. The stor-
age of individual Hermite–Gaussian [14] and Laguerre–
Gaussian [15] modes on ensembles of cold atoms was ex-
perimentally demonstrated, but no theoretical analysis of
the storage and conversion of such modes on a memory
cell was performed.
The Laguerre–Gaussian modes are of particular in-
terest, because, as shown in [16], they possess a cer-
tain orbital angular momentum (OAM). Unlike states
with a certain intrinsic momentum (polarization), states
with OAM form an infinite-dimensional basis in a Hilbert
space. The orbital angular momentum of light can take
any integer values, which makes OAM states an indis-
pensable resource for constructing multipartite entangled
states.
Existing OAM converters are based on the use of
such technical devices as phase holograms [17, 18], Dove
prisms [19], cylindrical lens systems [20]. Such schemes,
however, consists of a large number of optical elements
and their use is accompanied by significant losses. Be-
sides, the effective transformation of modes with differ-
ent OAM using such optical elements requires to per-
form some changes of the system parameters specifically
for each mode, which may not be satisfactory for many
quantum protocols, for example, for quantum computing
schemes.
The creation of multipartite quantum states, as well
as manipulations with them, often requires mode mixing
on linear optical devices such as beamsplitter. However,
noiseless mixing of the modes with different spatial pro-
files on beamsplitters is not possible. In such a procedure,
the output fields turn out to be mixed with vacuum noise
[21]. Within that framework, the conversion of light on a
quantum memory cell opens up important possibilities,
since it allows linear mixing of different modes without
additional vacuum noise.
Given all of the above, we can conclude that the prob-
lem of finding new ways to efficiently store and convert
quantum states with OAM is relevant in the context of
current problems and challenges of quantum optics.
In our work, we are based on the protocol of Raman
memory on cold atoms, described in [1, 22]. We use the
developed approach to the problem of storage and con-
version of the Laguerre–Gaussian modes. We will demon-
strate the possibility of efficient storage and retrieval of
the Laguerre–Gaussian modes by the driving field treated
as a plane wave. We will also study the possibility of
performing the efficient conversion of the orbital angu-
lar momentum of a quantum field on a memory cell and
find the optimal configuration of driving fields for such a
transformation.
II. PHYSICAL MODEL
In this paper, we consider the Raman model of quan-
tum memory. The possibility of writing quantum statis-
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Figure 1. A cell with a cloud of cold atoms represented as
a cylinder with a length of 𝐿 and a transverse area of 𝑆.
The cell is located in the plane 𝑧 = 0 – where the wavefront
of the wave can be treated as the plane one. The relations
between the geometric parameters of the fields and the atomic
ensemble is discussed in Section III.
tics of light with OAM on an ensemble of stationary cold
atoms is examined. We will study the three-level atoms
with Λ-configuration of energy levels. Atoms interact
with a strong classical driving field with the frequency
𝜔𝑑 and a weak quantum field with certain OAM and fre-
quency 𝜔𝑠. The frequencies 𝜔𝑑, 𝜔𝑠 are detuned from the
frequencies of the atomic transitions 𝜔23 and 𝜔13 respec-
tively by −Δ . Let us suppose that at the initial moment
of time all atoms prepared in the state |1⟩, and the po-
larization of the fields 𝜖𝑑 and ?⃗?𝑠 are taken so that the
driving field acts on the transition |2⟩-|3⟩, and quantum
one - at the transition |1⟩ - |3⟩ (see Fig. 1).
We generally assume that both the driving and quan-
tum fields are quasimonochromatic quasiplane waves
propagating along the 𝑧 axis. Both waves are considered
in the paraxial approximation. Here, we will not yet clar-
ify the spatial dependence of the slowly varying envelope
of the driving field 𝐸0(?⃗?, 𝑡), and represent the envelope of
the quantum field as a set of Laguerre–Gaussian modes:
?⃗?𝑑(?⃗?, 𝑡) = −𝑖𝐸0(?⃗?, 𝑡)𝑒−𝑖𝜔𝑑𝑡+𝑖𝑘𝑑𝑧𝜖𝑑 + 𝑐.𝑐., (1)
⃗^
𝐸𝑠(?⃗?, 𝑡) = −𝑖
√︂
~𝜔𝑠
8𝜋
∑︁
𝑚
?^?𝑚(𝑧, 𝑡)𝑈
⊥
𝑚(?⃗? )
×𝑒−𝑖𝜔𝑠𝑡+𝑖𝑘𝑠𝑧𝜖𝑠 +𝐻.𝑐., (2)
where 𝜌, 𝜑, 𝑧 are the cylindrical coordinates, 𝑘𝑑, 𝑘𝑠 are the
wave numbers corresponding to the carrier wave frequen-
cies, 𝑈⊥𝑚(?⃗? ) are the Laguerre–Gaussian functions [16] in
the plane 𝑧 = 0, defined as follows:
𝑈⊥𝑚(?⃗? ) =
√︃
2
𝜋𝑤20|𝑚|!
(︃
𝜌
√
2
𝑤0
)︃|𝑚|
𝑒
− 𝜌2
𝑤20 𝑒𝑖𝑚𝜑. (3)
Here 𝑤0 is the radius of the beam cross section in the
plane 𝑧 = 0. The functions 𝑈⊥𝑚(?⃗?) form a complete or-
thonormal set on a plane perpendicular to the direction
of the wave propagation:∫︁
𝑑?⃗? 𝑈⊥*𝑚 (?⃗? )𝑈
⊥
𝑚′(?⃗? ) = 𝛿𝑚,𝑚′ , (4)∑︁
𝑚
𝑈⊥*𝑚 (?⃗?
′)𝑈⊥𝑚(?⃗? ) = 𝛿
(2)(?⃗?− ?⃗? ′). (5)
The value ~𝜔𝑠|𝑈⊥𝑚(?⃗? )|2 is, in fact, the surface energy
density in the mode with the index 𝑚.
Photon annihilation operators ?^?𝑚(𝑧, 𝑡) in the
Laguerre–Gaussian mode with index 𝑚 are defined
so that the average ⟨?^?†𝑚(𝑧, 𝑡)?^?𝑚(𝑧, 𝑡)⟩ is the particle
number flux in the 𝑈⊥𝑚(?⃗? ) mode. Such operators obey
the following commutation relations:[︁
?^?𝑚(𝑧, 𝑡), ?^?
†
𝑚′(𝑧
′, 𝑡)
]︁
= 𝑐𝛿𝑚,𝑚′(1− 𝑖
𝑘0
𝜕
𝜕𝑧
)𝛿(𝑧 − 𝑧′), (6)[︀
?^?𝑚(𝑧, 𝑡), ?^?
†
𝑚(𝑧, 𝑡
′)
]︀
= 𝛿(𝑡− 𝑡′). (7)
We neglect of diffraction effects when writing the com-
mutation relations (6). The validity of this neglect will
be discussed in section III.
A standard approach to quantum memory problems
is to describe an atomic ensemble with collective coher-
ence and population operators. Discussing the model of
quantum memory, we will follow the work [1], focusing
on the differences associated with the spatial features of
the fields. Due to these features, one should take into
account not only the length of the ensemble of atoms
along the 𝑧 axis when describing an atomic system but
also their distribution in the transverse plane (the index
𝑘 numbers the atoms):
?^?𝑖𝑗(?⃗?, 𝑡) =
𝑁𝑎𝑡∑︁
𝑘=1
𝜁𝑘𝑖𝑗(𝑡)𝛿(?⃗? − ?⃗?𝑘),
?^?𝑖(?⃗?, 𝑡) = ?^?𝑖𝑖(?⃗?, 𝑡) =
𝑁𝑎𝑡∑︁
𝑘=1
𝜁𝑘𝑖𝑖(𝑡)𝛿(?⃗? − ?⃗?𝑘), (8)
where the operators 𝜁𝑖𝑗(𝑡) are the projectors of the state
|𝑗⟩ onto the state |𝑖⟩ at the time 𝑡: 𝜁𝑖𝑗 = |𝑖⟩⟨𝑗|, 𝜔𝑖𝑗 =
𝜔𝑖 − 𝜔𝑗 is the atomic transition frequency, 𝜖𝑖𝑗 is the po-
larization vector of the transition. We have assumed that
the vector of the dipole momenta of the transitions 𝜖13
and 𝜖23 coincide with the polarization vectors of the sig-
nal and driving fields, respectively. The commutation
relations for introduced collective variables can be repre-
sented as follows:
[?^?𝑖𝑗(?⃗?, 𝑡), ?^?𝑛𝑝(?⃗?
′, 𝑡)] = (𝛿𝑗,𝑛?^?𝑖𝑝(?⃗?, 𝑡)− 𝛿𝑖,𝑝?^?𝑛𝑗(?⃗?, 𝑡))
×𝛿(?⃗? − ?⃗? ′). (9)
3The unperturbed Hamiltonian for the system under con-
sideration can be written in the usual way, while the in-
teraction Hamiltonian has some features related to the
spatial structure of the fields. Under the dipole approx-
imation and the rotating wave approximation, the in-
teraction Hamiltonian could be written in the following
form:
𝑉 (?⃗?, 𝑡) =
∫︁
𝑑?⃗? 𝑖~𝑔?^?𝑓31(?⃗? )
∑︁
𝑚
?^?𝑓𝑚(𝑧, 𝑡)𝑈
⊥
𝑚(?⃗? )
−
∫︁
𝑑?⃗? 𝑖~𝑔?^?𝑓13(?⃗? )
∑︁
𝑚
?^?𝑓†𝑚 (𝑧, 𝑡)𝑈
⊥*
𝑚 (?⃗? ) (10)
+
∫︁
𝑑?⃗? 𝑖~Ω(?⃗?, 𝑡){?^?𝑓32(?⃗? )𝑒−𝑖𝜔𝑑𝑡+𝑖𝑘𝑑𝑧 − ?^?𝑓23(?⃗? )𝑒𝑖𝜔𝑑𝑡−𝑖𝑘𝑑𝑧}.
Here we introduce the notation for the coupling constant
between the atom and the field 𝑔 and the Rabi frequency
Ω:
𝑔 =
√︂
𝜔𝑠
8𝜋~𝑐
𝑑13; Ω( 𝑟, 𝑡) =
𝐸0(?⃗?, 𝑡)𝑑23
~
.
We also used the notation 𝑑𝑖𝑗 for the matrix elements of
the operator of the dipole momentum of transition be-
tween from level |𝑖⟩ to ⟨𝑗| (for simplicity we will consider
these elements to be real numbers). Since the Heisenberg
equations are constructed for fast variables, the Hamil-
tonian (10) is written in terms of fast variables (denoted
by the superscript 𝑓) associated with the initial ones as
follows:
?^?𝑓𝑖𝑗(?⃗?, 𝑡) = ?^?𝑖𝑗(?⃗?, 𝑡)𝑒
−𝑖𝜔𝑖𝑗𝑡, (11)
?^?𝑓𝑚(𝑧, 𝑡) = ?^?𝑚(𝑧, 𝑡)𝑒
𝑖𝑘𝑠𝑧−𝑖𝜔𝑠𝑡. (12)
III. CONSTRAINTS ON THE SIZE OF THE
SYSTEM IMPOSED BY NEGLECT OF
DIFFRACTION EFFECTS
Since the commutation relations (6) - (7) for field op-
erators were derived under the paraxial approximation
and without the diffraction effects, we should discuss the
conditions under which such approximations are appli-
cable, as well as the restrictions on the size of atomic
localization ensembles imposed by these conditions.
We assume that the cell with the atomic ensemble is
located in the plane 𝑧 = 0, that is, where the wavefront
of the wave is flat. Diffraction of a paraxial beam in
the near-field zone is described by the two-dimensional
Fresnel transform [23], that is, the field in the 𝑧 plane
connected with the field in the 𝑧 = 0 plane by an integral
transformation of the form:
𝐸(?⃗?, 𝑧) =
2𝜋𝑖𝑒−𝑖𝑘𝑧
𝜆𝑧
∫︁
𝑑?⃗? ?⃗? 𝐸(𝑞, 0) exp { 𝑖𝑘
2𝑧
(𝑞2 + 𝜌2)}
×𝐽0(𝑘?⃗??⃗?/𝑧). (13)
Here 𝐽0(𝑘?⃗??⃗?/𝑧) is the Bessel functions of the first kind.
The Laguerre–Gaussian functions are eigenfunctions of
such a transformation, so that we can obtain the ex-
plicit form of the function 𝑈𝐿𝐺𝑙 (?⃗?, 𝑧) by multiplying the
Laguerre–Gaussian function 𝑈⊥𝑙 ( 𝑟ℎ𝑜, 0) by some eigen-
value:
𝑈𝐿𝐺𝑙 (?⃗?, 𝑧) = 𝑈
⊥
𝑙 (?⃗?, 0)𝐴(𝜌, 𝑧) exp {𝑖𝑘𝑧Φ(𝜌, 𝑧)}, (14)
𝐴(𝜌, 𝑧) =
(︂
𝜋2𝑤40
𝜋2𝑤40 + 𝜆
2𝑧2
)︂ 𝑙+1
2
exp
{︂
𝜌2𝑧2𝜆2
𝑤20 (𝑧
2𝜆2 + 𝜋2𝑤40)
}︂
,
Φ(𝜌, 𝑧) = 1 +
𝜌2𝜆2
2(𝑧2𝜆2 + 𝜋2𝑤40)
− 𝜆(|𝑙|+ 1)
2𝜋𝑧
arctan
𝑧𝜆
𝜋𝑤20
.
Let assume that a cell with an atomic ensemble is a cylin-
der with a length of 𝐿 and a cross-sectional area of 𝑆 (see
Fig. 1). We are interested in the case when the shape of
the field’s spatial profile does not change at the scale of
the cell. From the expression (14) it can be seen that to
implement this we need to require the following:
𝐴(
√
𝑆,𝐿) ≈ 1, (15)
Φ(
√
𝑆,𝐿) ≈ 1. (16)
We assume that the 𝐿 is a small parameter: 𝐿 ≪ 𝜋𝑤
2
0
𝜆
.
In this case, the expressions (14) becomes more conve-
nient:
𝐴(?⃗?, 𝐿) = exp
{︂
𝜌2
𝑤20
(︂
𝐿2𝜆2
𝜋2𝑤40
)︂}︂
, (17)
Φ(?⃗?, 𝐿) = 1 +
𝜌2
2𝐿2
(︂
𝐿2𝜆2
𝜋2𝑤40
)︂
− 𝜆
2(|𝑙|+ 1)
2𝜋2𝑤20
. (18)
From the expression (17) it can be seen that the condi-
tion (15) is fulfilled if the transverse area of the ensemble
𝑆 = 𝜋𝜌2 equal to the transverse area of the beam 𝜋𝑤20/4.
This condition is native for interaction problems since if
this condition is not fulfilled, only a part of the beam will
interact with the ensemble, which, naturally, will cause
losses and decrease the memory efficiency.
In the formula (18) we need to choose the parame-
ters in such a way as to be able to neglect the second
and third terms. The second term of the phase factor
(18) disappears if 𝜌 ∼ 𝐿. At the same time, we have
already formulated the constraints of the form 𝜌 ∼ 𝑤0.
After combining these conditions, we could write down
the requirements for the ratio of the beam parameters:
𝜋𝑤0 ≫ 𝜆. Since we are considering the optical frequency
range, this requirement does not impose significant re-
strictions and can be considered as satisfied with real
experimental parameters. The third term in (18) also
disappears, taking into account all the approximations
described above. As a result, we have the following re-
quirements for the size of the system:
𝐿≪ 𝜋𝑤
2
0
𝜆
, (19)
𝑆 ≈ 𝜋𝑤20. (20)
Under these restrictions, we have the right to neglect the
diffraction effects and not to take into account changes
in the curvature of wave fronts.
4IV. STORING AND RETRIEVING MODES
WITH OAM
In this section, we consider the procedure for only stor-
ing OAM modes without conversion. We want to make
sure that the memory protocol for such degrees of free-
dom could be reduced to the protocols of spatially mul-
timode memory described in the literature [1, 22]. Also,
our goal is to identify natural variables for describing the
interaction of field and atomic systems.
A. Heisenberg equations
In the framework of this section, we assume that the
driving field is a plane monochromatic wave, i.e., the Rabi
frequency is independent of spatial and temporal coordi-
nates:
?⃗?𝑑(𝑧, 𝑡) = −𝑖 ~Ω
𝑑23
𝑒−𝑖𝜔𝑑𝑡+𝑖𝑘𝑑𝑧𝜖𝑑 + 𝑐.𝑐. (21)
We use the unperturbed Hamiltonian and the Hamilto-
nian (10) to write the Heisenberg equations for field and
atomic variables. In this case, we focus on the description
of the evolution of each Laguerre–Gaussian field mode.
Writing down the equations of interaction between the
mode with the number 𝑙 and the atomic system, we ob-
tain (further, the arguments of the operators are indi-
cated only where it is necessary to emphasize their pres-
ence):(︂
𝜕
𝜕𝑡
+ 𝑐
𝜕
𝜕𝑧
)︂
?^?𝑙 = −𝑔
∫︁
𝑑?⃗? ′?^?13(?⃗? ′, 𝑧)𝑈⊥*𝑙 (?⃗?
′) (22)
˙^𝜎13 = −𝑖Δ?^?13 + 𝑔
∑︁
𝑚
?^?𝑚𝑈
⊥
𝑚
(︁
?^?1 − ?^?3
)︁
+Ω?^?12 (23)
˙^𝜎12 = −𝑔
∑︁
𝑚
?^?𝑚𝑈
⊥
𝑚?^?32 − Ω?^?13 (24)
˙^𝜎32 = −𝑖Δ?^?32 + 𝑔
∑︁
𝑚
?^?†𝑚𝑈
⊥*
𝑚 ?^?12 +Ω
(︁
?^?2 − ?^?3
)︁
(25)
˙^
𝑁1 = −𝑔?^?𝑙𝑈⊥𝑙 ?^?31 − 𝑔
∑︁
𝑚
?^?†𝑚𝑈
⊥*
𝑚 ?^?13 (26)
˙^
𝑁2 = −Ω (?^?32 + ?^?23) (27)
˙^
𝑁3 = − ˙^𝑁1 − ˙^𝑁2. (28)
We will consider the interaction in the Raman limit, as-
suming that the detuning from the upper excited level Δ
is large, and this energy level is not populated, that is,
only two-photon transitions occur. In this case, we are
also able not to take into account the relaxation of the
population of the third level.
From the equation (22) it can be seen that the evolving
variables associated with the mode of the signal field with
the number 𝑙 are the operators ?^?𝑙𝑖𝑗(𝑧, 𝑡), which could be
defined by the expression
?^?𝑙𝑖𝑗(𝑧, 𝑡) =
∫︁
𝑑?⃗? 𝜎𝑖𝑗(?⃗?, 𝑧, 𝑡)𝑈
⊥*
𝑙 (?⃗?). (29)
However, the commutation relations for these operators
have the integral form:[︁
?^?𝑙𝑖𝑗(𝑧, 𝑡), ?^?
𝑙′
𝑗𝑖(𝑧
′, 𝑡)
]︁
=
∫︁
𝑑?⃗?
(︁
?^?𝑖(?⃗?, 𝑧)− ?^?𝑗(?⃗?, 𝑧)
)︁
×𝑈⊥*𝑙 (?⃗? )𝑈⊥𝑙′ (?⃗? )𝛿(𝑧′ − 𝑧′). (30)
It follows from the commutation relations that in the
general case such variables cannot be considered as inde-
pendent from each other, which is extremely inconvenient
for describing the system. However, as will be seen later,
this nuisance can be avoided using standard approxima-
tions of quantum memory problems.
Let’s recall that the atoms in the ensemble initially
were predominantly in the state |1⟩. Considering that the
quantum field is rather weak, we can say that the number
of atoms in the state |1⟩ does not change significantly
during the interaction and the population of the level
|1⟩ remains much larger than the population of the level
|2⟩. This leads to the condition ¯^𝜎32 ≪ ¯^𝜎13, which allows
us to neglect the first term relative to the second in the
equation (24).
The significance of the population of the level |1⟩ com-
pared with the populations of other levels, also gives us
the opportunity to say that
¯^
𝑁1− ¯^𝑁3 ≈ ¯^𝑁1 ≡ 𝑁 , where 𝑁
is the average concentration of atoms evenly distributed
in the cell. Then we can use the Laguerre–Gaussian
mode orthogonality and remove the integral dependence
in (30). The commutation relations for the coherence op-
erators of interest ?^?𝑙13, ?^?
𝑙
12 can be rewritten in the form:
[︁
?^?𝑙𝑖𝑗(𝑧, 𝑡), ?^?
𝑙′
𝑗𝑖(𝑧
′, 𝑡)
]︁
= 𝑁𝛿𝑙,𝑙′𝛿(𝑧 − 𝑧′), (31)
{𝑖, 𝑗} = {1, 2}; {1, 3}.
All written above allow us to close the system of equa-
tions for operators ?^?𝑙, ?^?
𝑙
13 and 𝜎
𝑙
12:
𝜕
𝜕𝑧
?^?𝑙 = −𝑔
√
𝑁𝑐𝑙 (32)
˙^𝑐𝑙 = −𝑖Δ𝑐𝑙 + 𝑔
√
𝑁?^?𝑙 +Ω?^?𝑙 (33)
˙^
𝑏𝑙 = −Ω𝑐𝑙. (34)
Here the normalized operators 𝑐𝑙 and ?^?𝑙 are introduced
as following:
𝑐𝑙(𝑧, 𝑡) = ?^?
𝑙
13(𝑧, 𝑡)/
√
𝑁 ; ?^?𝑙(𝑧, 𝑡) = ?^?
𝑙
12(𝑧, 𝑡)/
√
𝑁 .(35)
We assume that the pulse duration 𝑇 is large enough to
neglect the time of the propagating of the pulse wave
fronts (𝑐𝑇 ≫ 𝐿) through the medium. Then we can
formally consider the time derivative in the equation (22)
to be small in comparison with the other terms.
It should be mentioned that in the resulting system,
all spatial modes of spin coherence with different OAMs
evolve independently of each other.
The equations (32) - (34) coincide with the equations
usually used to describe the quantum memory [1]. An
5important feature of our consideration is that modes
with different OAM interact with different spatial modes
of spin coherence. When considering the spatially ho-
mogeneous distribution of atoms, the bosonic operators
?^?𝑙(𝑧, 𝑡), 𝑐𝑙(𝑧, 𝑡) can be considered as the annihilation op-
erators in spin coherence modes with a certain OAM.
B. Solutions for writing and readout processes
For completeness, we write out the solutions of the
system (32)–(34). To do this, we pass from the operator
quantities to the c-number ones and omit all the vacuum
terms, bearing in mind that we are interested only in
normally ordered means. For convenience, we will also
use dimensionless variables:
𝑡 = Ω𝑡; 𝑧 =
2𝑔2𝑁
Ω
𝑧.
.
We can obtain the following expression for the spin
coherence at the writing stage:
𝑏𝑊𝑙 (𝑧, 𝑡) = −
𝑔
√
𝑁
Ω
𝑇𝑊∫︁
0
𝑑𝑡′𝑎𝑙(0, 𝑡′)𝐺𝑏𝑎(𝑧, 𝑡− 𝑡′). (36)
Here 𝑇𝑊 is the effective duration of the writing pulse,
and 𝐺𝑏𝑎 is the kernel of the integral transformation [1].
We assume that during storage the coherence between
the levels 1 > and |2 > is preserved without any losses
(𝑏𝑅𝑙 (𝑧, 0) = 𝑏
𝑊
𝑙 ( 𝑡𝑖𝑙𝑑𝑒𝑧, 𝑇𝑊 ), and the coherence between
the levels |1 > and |3 > decays, so at the beginning of
readout process 𝑐𝑅𝑙 (𝑧, 0) = 0. Then for the readout stage
we can write the following expression:
𝑎𝑅𝑙 (?˜?, 𝑡) = −
Ω
2𝑔
√
𝑁
?˜?∫︁
0
𝑑𝑧 𝑏𝑊𝑙 (𝑧, 𝑡)𝐺𝑎𝑏(𝐿− 𝑧, 𝑡)
=
𝑇𝑊∫︁
0
𝑑𝑡′𝑎𝑙(0, 𝑡′)𝐾(𝑡, 𝑡′), (37)
𝐾(𝑡, 𝑡′) =
?˜?∫︁
0
𝑑𝑧 𝐺𝑏𝑎(𝑧, 𝑡− 𝑡′)𝐺𝑎𝑏(?˜?− 𝑧, 𝑡). (38)
Here 𝐾(𝑡, 𝑡′) is the kernel of the full memory cycle (in the
configuration of the copropagating fields during writing
and readout processes). Note that the kernel𝐾(𝑡, 𝑡′) does
not depend on the index 𝑙 and completely coincides with
the kernel described in [1]. For this reason, we do not
provide here an analysis of the efficiency of the storage
protocol, which was done in the cited work.
An important result is the following observation: if the
driving field is a plane wave, we can write a quantum field
with a specific OAM on the atomic medium and subse-
quently retrieve the field without changing the spatial
profile. In the process of interaction between the driving
and quantum fields with the atomic medium, the quan-
tum - statistical properties of each mode with OAM are
”written” to the corresponding spatial mode of spin
coherence. Hence, we are able to say that in the pro-
cess under consideration, the field modes ?^?𝑙 with differ-
ent projections of the orbital angular momentum 𝑙 evolve
independently of each other.
V. CONVERTING MODES WITH OAM
In this section, we analyze the possibility of not only
storing, but simultaneously converting quantum states
with OAM in the quantum memory protocol. We will
also identify the optimal values of the driving field pa-
rameters for the optimum conversion.
A. Heisenberg equations of the system with the
complex spatial structure of the driving field
Let us now consider the case when the driving fields
at the writing and readout stages are Laguerre–Gaussian
modes in the plane 𝑧 = 𝑧𝑆 with OAM projections equal
to 𝐽 and 𝐼, respectively:
⃗^
𝐸𝑊𝑑 = 𝑖𝐵𝐽𝑈
⊥
𝐽 (?⃗? , 𝑧𝑆)𝑒
𝑖𝑘𝑑𝑧−𝑖𝜔𝑑𝑡𝜖𝑑 + 𝑐.𝑐. (39)
⃗^
𝐸𝑅𝑑 = 𝑖𝐵𝐼𝑈
⊥
𝐼 (?⃗? , 𝑧𝑆)𝑒
𝑖𝑘𝑑𝑧−𝑖𝜔𝑑𝑡𝜖𝑑 + 𝑐.𝑐. (40)
The amplitudes of the driving fields will be considered
to be real numbers for simplicity. The spatial profile of
the Laguerre–Gaussian mode with the momentum 𝑙 in
the plane 𝑧 = 0 is a ring of radius 𝑤0
√︀
(|𝑙|+ 1)/2 [24]
with zero field intensity in the center of the transverse
plane. Since that overlapping of the modes with different
momenta is rather weak. At the same time, the presence
of both the driving and quantum fields in every point of
an ensemble is required to ensure two-photon transitions.
To do this, we can consider beams of different radius 𝑤0,
however, for clarity, we instead introduce the parameter
𝑧𝑆 - the distance between the waists of the signal and
driving beams (see Fig. 2). This parameter allows us to
follow the overlapping of fields. By varying the parameter
𝑧𝑆 , we essentially change the ratio of the radii of the
beams of the driving and signal fields in the plane 𝑧 = 0,
and thereby try to ensure the best overlap between the
modes.
Let’s recall also that the operator and classical field
amplitudes introduced in the section II were normal-
ized so that their square had the meaning of a photon
flux per unit time through a plane perpendicular to the
propagation direction. If we want to discuss the inter-
action the classical and quantum modes with different
transverse sizes, we should operate the equally normal-
ized quantities. In the expressions (39) and (40), we
divide the amplitudes 𝐵𝐽 and 𝐵𝐼 by the area of the
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Figure 2. To ensure good mode overlap, we consider a field
geometry such that the waist of the driving beam and the
waist of the signal beam are shifted one from another on the
value 𝑧𝑆 .
Laguerre–Gaussian beams with the corresponding mo-
mentum: 𝐵𝐽 → 𝐵𝐽/𝑆𝐽 , 𝐵𝐼 → 𝐵𝐼/𝑆𝐼 . The squares
of the moduli of such new amplitudes are of the energy
flux through the unit area, and, thus, are ultimately nor-
malized equally regardless of the mode number. To pre-
serve field dimensionality it is necessary to multiply the
functions 𝑈⊥𝐽 (?⃗?, 𝑧𝑆) and 𝑈
⊥
𝐼 (?⃗?, 𝑧𝑆) by the same factors:
𝑈⊥𝐽 (?⃗?, 𝑧𝑆) → 𝑈⊥𝐽 (?⃗?, 𝑧𝑆)𝑆𝐽 , 𝑈⊥𝐼 (?⃗?, 𝑧𝑆) → 𝑈⊥𝐼 (?⃗?, 𝑧𝑆)𝑆𝐼 .
Thus we write down fields through normalized opera-
tors and dimensionless mode functions. We will do the
same with the quantum field. Calculating the area of the
Laguerre–Gaussian beam with the azimuthal number 𝑙
according to the formula 𝑆𝑙 = 𝜋𝑤
2
0(1 + 𝑧
2/𝑧2𝑅)
(𝑙 + 1)
4
[24], we re-designate field operators and functions as fol-
lows (we denote old and new variables in the same way
for compact notation, but hereinafter we operate renor-
malized quantities):
?^?𝑙√︁
𝜋𝑤20
(𝑙+1)
4
→ ?^?𝑙, 𝑈⊥𝑙 (?⃗?)
√︂
𝜋𝑤20
(𝑙 + 1)
4
→ 𝑈⊥𝑙 (?⃗?), (41)
𝐵𝑚√︁
𝜋(1 + 𝑧2𝑆/𝑧
2
𝑅)𝑤
2
0
(𝑚+1)
4
→ 𝐵𝑚, (42)
𝑈⊥𝑚(𝑧𝑆)
√︂
𝜋(1 + 𝑧2𝑆/𝑧
2
𝑅)𝑤
2
0
(𝑚+ 1)
4
→ 𝑈⊥𝑚(𝑧𝑆), (43)
The orthonormality of the new Laguerre - Gaussian func-
tions and new commutation relations for field operators
could be written as follows:∫︁
𝑑𝜌 𝑈⊥*𝑚 (?⃗? , 𝑧)𝑈
⊥
𝑚(?⃗? , 𝑧) = 𝜋𝑤
2
0(1 + 𝑧
2/𝑧2𝑅)
(𝑚+ 1)
4
= 𝑆𝑚, (44)[︁
?^?𝑙(𝑧, 𝑡), ?^?
†
𝑙′(𝑧
′, 𝑡)
]︁
=
1
𝑆𝑙
𝛿𝑙,𝑙′(1− 𝑖
𝑘0
𝜕
𝜕𝑧
)𝛿(𝑧 − 𝑧′). (45)
Using the approximations and notation introdused in
the previous section we can write the Heisenberg equa-
tions for atomic variables and a field variable taking into
account the spatial structure of the control field:
𝜕
𝜕𝑧
?^?𝑙 = − 𝑔
𝑆𝑙
∫︁
𝑑?⃗? ′𝜎13(?⃗? ′, 𝑧, 𝑡)𝑈⊥*𝑙 (?⃗?
′) (46)
˙^𝜎13 = −𝑖Δ?^?13 + 𝑔𝑁
∑︁
𝑝
?^?𝑝𝑈
⊥
𝑝 +Ω𝑚𝑈
⊥
𝑚(𝑧𝑆)?^?12 (47)
˙^𝜎12 = −Ω*𝑚𝑈⊥*𝑚 (𝑧𝑆)?^?13. (48)
Here 𝑚 = 𝐽 during writing process, and 𝑚 = 𝐼 dur-
ing readout process, Rabi frequency is denoted as Ω𝑚 =
𝐵𝑚𝑑23~−1. In the IV section, the collective operators ?^?𝑙
and 𝑐𝑙 were the natural variables for the system. There-
fore, we move on to these variables, decomposing all
atomic variables to the set of functions 𝑈⊥𝑙 (?⃗?), and try
to write down a closed system of equations. Taking into
account the new commutation relations of field opera-
tors and the normalization of the functions 𝑈⊥𝑙 (?⃗? ), we
rewrite the system of equations (46)–(48):
𝜕
𝜕𝑧
?^?𝑙 = −𝑔
√
𝑁𝑐𝑙 (49)
𝑆𝑙 ˙^𝑐𝑙 = −𝑖Δ𝑆𝑙𝑐𝑙 + 𝑔
√
𝑁𝑆𝑙?^?𝑙
+Ω𝑚
∑︁
𝑛
?^?𝑛
∫︁
𝑑?⃗? 𝑈⊥𝑛 (?⃗? )𝑈
⊥
𝑚(?⃗? , 𝑧𝑆)𝑈
⊥*
𝑙 (?⃗? ) (50)
𝑆𝑙
˙^
𝑏𝑙 = −Ω𝑚
∑︁
𝑛
𝑐𝑛
×
∫︁
𝑑?⃗? 𝑈⊥𝑛 (?⃗? )𝑈
⊥*
𝑚 (?⃗? , 𝑧𝑆)𝑈
⊥*
𝑙 (?⃗? ). (51)
Comparing the obtained equations with the equations
(32)–(34), we see that the written system is not closed,
since in the equations (50) and (51) there are terms con-
taining not only the operators ?^?𝑙 and 𝑐𝑙, but also the
projections of spin coherences on all other Laguerre–
Gaussian modes. Let’s look back on the definition of
the functions 𝑈⊥𝑙 (14) and write the overlap integrals∫︀
𝑑?⃗? 𝑈⊥𝑚𝑈
⊥
𝑛 𝑈
⊥*
𝑙 in explicit form:∫︁
𝑑?⃗? 𝑈⊥𝑛 (?⃗? )𝑈
⊥
𝑚(?⃗?, 𝑧𝑆)𝑈
⊥*
𝑙 (?⃗? ) =
∫︁
𝜌 𝑑𝜌 𝑑𝜑
×|𝑈⊥𝑛 (𝜌)||𝑈⊥𝑚(𝜌, 𝑧𝑆)||𝑈⊥𝑙 (𝜌)|𝑒𝑖Φ(𝜌,𝑧𝑆) exp {𝑖𝜑(𝑛+𝑚− 𝑙)}
= 2𝜋
∫︁
𝜌 𝑑𝜌 |𝑈⊥𝑛 (𝜌)||𝑈⊥𝑚(𝜌, 𝑧𝑆)||𝑈⊥𝑙 (𝜌)|𝑒𝑖Φ(𝜌,𝑧𝑆)𝛿𝑛,𝑙−𝑚
= 𝜒𝑙,𝑚𝛿𝑛,𝑙−𝑚. (52)
The coefficients 𝜒𝑙,𝑚 can be, generally speaking, com-
plex numbers due to the presence of the phase factor
exp {𝑖Φ(𝜌, 𝑧𝑆)} in the function 𝑈⊥𝑚(𝜌, 𝑧𝑆) (for the explicit
form look at (14)), which is define the spatial profile of
the driving field. However, as will be shown later, the
complexity of these coefficients will not fundamentally
affect the quality of storage and conversion of the quan-
tum field.
7The Kronecker delta in (52) allows us to remove the
sum over 𝑛 in (50) and (51) and write down the following
expressions:√︀
𝑆𝑙
𝜕
𝜕𝑧
?^?𝑙 = −𝑔
√
𝑁
√︀
𝑆𝑙 𝑐𝑙 (53)√︀
𝑆𝑙 ˙^𝑐𝑙 = −𝑖Δ
√︀
𝑆𝑙 𝑐𝑙 + 𝑔
√
𝑁
√︀
𝑆𝑙 ?^?𝑙
+Ω𝑚
𝜒𝑙,𝑚√
𝑆𝑙
√︀
𝑆𝑙−𝑚
?^?𝑙−𝑚
√︀
𝑆𝑙−𝑚 (54)
√︀
𝑆𝑙−𝑚
˙^
𝑏𝑙−𝑚 = −Ω𝑚
𝜒*𝑙,𝑚√
𝑆𝑙
√︀
𝑆𝑙−𝑚
𝑐𝑙
√︀
𝑆𝑙. (55)
One can notice that the system of equations is closed
now and describes the interaction of the field mode with
the number 𝑙 and the coherence modes with the numbers
𝑙 and 𝑙 − 𝑚, where 𝑚 is the angular momentum of the
driving field (we assume 𝑚 = 𝐽 when writing process is
discussed and 𝑚 = 𝐼 during readout process). Moreover,
since the effective Rabi frequency Ω𝑚𝜒𝑙,𝑚 depends on
the Laguerre–Gaussian overlap integrals with indices 𝑙,𝑚
and 𝑙−𝑚, the interaction occurs with different efficiencies
for different OAM projections of the driving and quantum
fields.
B. Driving fields with different OAM for signal
field conversion
To compare the obtained results with the results of
section IV, we choose the amplitudes of control fields 𝐵𝑚
so that Ω𝑚 = Ω. Then the expression in dimensionless
variables for spin coherence at the end of the writing
process is written as follows:
𝑏𝑊𝑙−𝐽(𝑧, 𝑡)= −
𝑔
√
𝑁
Ω
𝜒𝑙,𝐽
𝑆𝑙−𝐽
𝑇𝑊∫︁
0
𝑑𝑡′𝑎𝑙(0, 𝑡′)
×𝐺𝑙𝐽𝑏𝑎(𝑧, 𝑡− 𝑡′). (56)
The dimensionless variables are introduced in the same
way as in the section IV. The kernel 𝐺𝑙𝐽𝑏𝑎 is now character-
ized by upper and lower indices and depends on normal-
ized overlap integrals (see Appendix A). We will perform
the analysis of transformation kernels below.
From the expression (56) we can conclude that if the
driving field has a certain orbital angular momentum of
𝑚, then the quantum field modes ?^?𝑙 do interact not with
the corresponding spin coherence modes ?^?𝑙 as it was in
section IVB, but with modes with ”shifted” index ?^?𝑙−𝑚.
A qualitative interpretation of this result may consist in
the fact that the driving field, interacting with the atomic
medium, gives us some ”reference frame” – the phase
portrait relative to which the quantum field is considered.
Thus, the phase profile of a quantum field is already con-
sidered from the ”rotating” with the speed 𝑚 reference
frame, whence the difference phase coefficient 𝑙−𝑚 arises.
We can write solutions for the readout stage for the
same configuration of the fields:
𝑎𝑅𝑙+𝐼−𝐽(?˜?, 𝑡) = −
Ω
𝑔
√
𝑁
𝜒𝑙+𝐼−𝐽,𝐼
𝑆𝑙+𝐼−𝐽
?˜?∫︁
0
𝑑𝑧 𝑏𝑊𝑙−𝐽(𝑧, 𝑡)
×𝐺𝑙𝐼𝑎𝑏(?˜?− 𝑧, 𝑡) = 𝐶𝑙𝐼𝐽
𝑇𝑊∫︁
0
𝑑𝑡′𝑎𝑙(0, 𝑡′)𝐾𝐼𝐽𝑙 (𝑡, 𝑡
′), (57)
𝐶𝑙𝐼𝐽 =
𝜒𝑙−𝐽,𝐼
𝑆𝑙+𝐼−𝐽
𝜒𝑙,𝐽
𝑆𝑙−𝐽
, (58)
𝐾𝐼𝐽𝑙 (𝑡, 𝑡
′) =
?˜?∫︁
0
𝑑𝑧 𝐺𝑙𝐼𝑏𝑎(𝑧, 𝑡− 𝑡′)𝐺𝑙𝐽𝑎𝑏(?˜?− 𝑧, 𝑡). (59)
An important result is that the orbital angular mo-
mentum of the retrieved field differs from that of the
stored field by the value 𝐼 − 𝐽 , where 𝐽 is the OAM of
the writing driving field and 𝐼 is the OAM of the readout
driving field. Thus, we have shown that it is possible to
perform the transformations of OAM of a quantum field
on a quantum memory cell.
The kernels of integral transforms depend on the
squares of the normalized overlap integrals as follows:
𝐺𝑙𝑚𝑏𝑎 (𝑧, 𝑡) = 𝐺
𝑙𝑚
𝑎𝑏 (𝑧, 𝑡) = [𝑓
𝑙𝑚
0 (𝑧, 𝑡, 𝑟) * 𝑓 𝑙𝑚*0 (𝑧, 𝑡,−𝑟)](60)
𝑓 𝑙𝑚0 (𝑧, 𝑡) = exp {−𝑖
(︁√︁
𝑟2 + |𝜒𝑙,𝑚|2/𝑆2𝑙−𝑚 + 𝑟
)︁
𝑡}
×𝐽0
⎡⎢⎣
⎯⎸⎸⎸⎷𝑧𝑡
⎛⎝1 + 𝑟√︁
𝑟2 + |𝜒𝑙,𝑚|2/𝑆2𝑙−𝑚
⎞⎠
⎤⎥⎦Θ(𝑡), (61)
𝑚 = 𝐽, 𝐼.
Here we use the notation for the dimensionless detuning
𝑟 =
Δ
2Ω
. It can be seen from these expressions that even
with the complex coefficient 𝜒𝑙,𝑚, the arguments of the
Bessel function of the first kind 𝐽0 remain real. This is
an important property of the transformation under con-
sideration since if the transformation kernels (57) were
complex, this would lead to mixing of the quadratures of
the quantum field, which is destructive when consider-
ing the issues of storing the quadrature-squeezed states.
But, since the kernel 𝐾𝐼𝐽𝑙 is real, this mixing does not
occur in the problem under consideration.
The formulas (60), (61) greatly simplify in the Raman
limit. So, according to the expressions (A19), (A20), the
kernels of the integral transforms 𝐺𝑙𝑚𝑏𝑎 and 𝐺
𝑙𝑚
𝑎𝑏 in this
case completely coincide with kernels 𝐺𝑏𝑎 and 𝐺𝑎𝑏 from
the IVB section:
𝐺𝑙𝑚𝑏𝑎 −−−→
Δ≫Ω
𝐺𝑏𝑎, 𝐺
𝑙𝑚
𝑎𝑏 −−−→
Δ≫Ω
𝐺𝑎𝑏. (62)
Then only the coefficients 𝐶𝑙𝐼𝐽 depend on the OAM of
8the modes participating in the process:
𝑎𝑙+𝐼−𝐽(?˜?, 𝑡) = 𝐶𝑙𝐼𝐽
𝑇𝑊∫︁
0
𝑑𝑡′𝑎𝑙(0, 𝑡′)
×
?˜?∫︁
0
𝑑𝑧 𝐺𝑏𝑎(𝑧, 𝑡− 𝑡′)𝐺𝑎𝑏(?˜?− 𝑧, 𝑡). (63)
The quality of the conversion depends on the eigenval-
ues of the memory conversion kernel and the coefficients
𝐶𝑙𝐼𝐽 . Kernel analysis has already been done in [1], but
our goal is to study the differences associated with the
presence of a coefficient in the integral (63).
It follows from the form of (63) that each of the
stages (writing and readout) degrades the signal quality
𝜒𝑙,𝑚/𝑆𝑙𝑚 times (since the normalized overlap integrals
are smaller than 1). Let’s change the configuration of
the fields in such a way as to carry out the conversion
only at one stage (either during writing or during read-
out). At another stage then we should perform the writ-
ing/readout of the signal without conversion. This will
make the coefficient before the integral in (63) linear in
𝜒𝑙,𝑚/𝑆𝑙−𝑚. From section IV we know that storing with-
out conversion can be done using a plane wave. There-
fore, if one firstly performs a conversion by a driving field
with OAM, and then retrieve it with a plane wave, the
quality of the conversion is greatly improves.
C. Efficiency of the conversion of states with
different OAM
Let’s continue the discussion of the previous section,
we consider the situation when the writing field
⃗^
𝐸𝑊𝑑 (?⃗?, 𝑡)
has a certain OAM, and the readout one
⃗^
𝐸𝑅𝑑 (?⃗?, 𝑡) is a
plane wave:
?⃗?𝑊𝑑 (?⃗?, 𝑡) = −𝑖𝐵𝐽𝑈⊥𝐽 (?⃗? , 𝑧𝑆)𝑒𝑖𝑘𝑑𝑧−𝑖𝜔𝑑𝑡𝜖𝑑 + 𝑐.𝑐., (64)
?⃗?𝑅𝑑 (?⃗?, 𝑡) = −𝑖𝐸0𝑒−𝑖𝜔𝑑𝑡+𝑖𝑘𝑑𝑧𝜖𝑑 + 𝑐.𝑐., (65)
⃗^
𝐸𝑠(?⃗?, 𝑡) = −𝑖
√︂
~𝜔𝑠
8𝜋𝑐
∑︁
𝑝
?^?𝑝(𝑧, 𝑡)𝑈
⊥
𝑝 (?⃗? )
×𝑒−𝑖𝜔𝑠𝑡+𝑖𝑘𝑠𝑧𝜖𝑠 +𝐻.𝑐. (66)
Here, we still use dimensionless Laguerre–Gaussian func-
tions and normalized amplitudes 𝐵𝐽 and ?^?𝑙 introduced
in the previous section (41 - 43). We set amplitudes of
the driving fields equal to each other and consider them
as a real numbers: 𝐸0 = 𝐵𝐽 = 𝐸
*
0 = 𝐵
*
𝐽 . Omitting the
reasoning similar to this presented in previous sections,
we write down the relation connecting the field retrieved
after the readout stage with the original signal:
𝑎𝑙−𝐽(?˜?, 𝑡) =
𝜒𝑙,𝐽
𝑆𝑙−𝐽
𝑇𝑊∫︁
0
𝑑𝑡′𝑎𝑙(0, 𝑡′)𝐾(𝑡, 𝑡′). (67)
As one can see, with such a configuration of driving
fields, we could perform the transformation of the or-
bital angular momentum of the quantum field. So, if one
writing a field with a certain momentum 𝑙 on the mem-
ory cell, then the retrieved field’s OAM is considered to
be 𝑙 − 𝐽 . Similarly, if writing is carried out by a plane
wave, and readout process by a field with OAM, then the
orbital momentum of the retrieved field will be 𝑙 + 𝐽 .
The optimization of the considered memory protocol
for spatial modes by selecting the effective cell length
and temporal field profiles was considered in [1]. Fur-
ther, we will assume that the values of these parameters
correspond to the best process efficiency, i.e. the integral
transformation with the kernel 𝐾(𝑡, 𝑡′) can be replaced
by its eigenvalue equal to one. We focus here on a de-
tailed analysis of ”quality” of the retrieved Laguerre –
Gaussian modes. This quality depends on the OAM of
the signal and driving fields, that is, on the overlap inte-
grals 𝜒𝑙,𝐽/𝑆𝑙−𝐽 . Let’s recall, that we shifted the driving
and quantum field waists by a certain amount 𝑧𝑆 to en-
sure good mode overlap, considering all other parameters
(the radius 𝑤0 and the Rayleigh range 𝑧𝑅) of the beams
to be the same.
We first consider the case of storing without conver-
sion. We choose a driving field at the writing stage in
the form of a Gaussian beam with OAM 𝐽 = 0. As
can be seen from (67), this field does not change the
index 𝑙 of the retrieved signal, however, the process effi-
ciency (in contrast to the case of writing and readout by
a plane wave) is determined by the corresponding coef-
ficients 𝜒𝑙,0/𝑆0. Let us analyse the dependence of these
coefficients on the relative shift of the beams 𝑧𝑆/𝑧𝑅 (see
Fig. 3).
(a)
(f)
(a)
(b)
( )с
(d)
(e)
(f)
S
Figure 3. The dependence of the normalized overlap integrals
on the OAM of the signal field for the case of storage without
conversion 𝐽 = 0. Values close to 1 are achieved when the
beam area of the driving field is much larger than that of the
signal field.
As expected, in the limit 𝑧𝑆 ≫ 𝑧𝑅 the conversion co-
efficient tends to unity, as if we were performing writing
9and readout by a plane wave, since with extreme values
of the parameters the spatial inhomogeneity of the driv-
ing Gaussian field is vanishing, exp {− 𝜌
2
𝑤2(𝑧𝑆)
} → 1. An
interesting fact is that the coefficient 𝜒0,0/𝑆0 is not equal
to one when 𝑧𝑆 = 0, 𝑙 = 𝐽 = 0, that is, when we consider
the interaction of two Gaussian beams of the same trans-
verse area. This result can be explained by the fact that
the amplitude of the driving field, as well as the ampli-
tude of the quantum field, decreases with distance from
the point 𝜌 = 0 in the same way as the Gaussian function.
In this case, the mode of spin coherence has an effective
transverse size
√
2 times smaller than the initial trans-
verse field size, since its amplitude in the cross-section
will decrease two times faster than the amplitudes of the
initial fields due to the overlap of two Gaussian profiles.
Then the mode of the retrieved quantum field will also
have a smaller effective transverse size compared to the
original signal. Summarizing the above, it can be argued
that the interaction of fields with different spatial profiles
changes the mode composition of the signal so that the
basis set of the field at the output of memory cell will be
different from that of the field at the input. However, as
we show below, this difference can be small. Therefore,
the problem of the conversion of one mode to another in
the same basis set remaining valid.
Considering the question of converting the OAM of a
quantum field, we first analyze the possibility of retriev-
ing light with the OAM from a memory cell when at the
input of the cell we have a quantum field that does not
have OAM, i.e. with 𝑙 = 0 and a driving field with mo-
mentum of 𝐽, 𝐽 = 1, 2, 3, .... Fig. 4 shows the normalized
overlap integrals against the ratio
𝑧𝑆
𝑧𝑅
for different values
of the OAM of the driving field.
(a)
(b)
( )с
(d)
(e)
(f)
(a)
(f)
S
Figure 4. Normalized overlap integrals depending on the nor-
malized relative shift for different values of the momentum of
the driving field from 𝐽 = 1 (curve (a)) to 𝐽 = 6 (curve (f)).
From Fig. 4 we can notice that the quality of the con-
version of the Gaussian mode to the Laguerre–Gaussian
modes with OAM equal to 𝑙 is quite low. This is due to
differences in the spatial profiles of the driving field and
quantum one. Laguerre–Gaussian modes with a nonzero
momentum have a phase singularity at the point 𝜌 = 0
and there is zero field intensity at this point, while for
the Gaussian mode with 𝑙 = 0 we can say that the am-
plitude reaches a maximum at this point. The overlap of
such dissimilar fields is small for any values of geometric
parameters since in this case, the plane wave limit is not
applicable. We cannot put the transverse size of a quan-
tum mode much larger than the classical mode because
it will inevitably lead to losses of information during the
writing process.
The situation improves significantly when trying to in-
crease and decrease the OAM of a quantum field with
𝑙 ̸= 0. The Fig. 5 shows the dependence of the coeffi-
cients 𝜒𝑙,𝐽/𝑆𝑙−𝐽 for cases of writing by the driving field
with the momentum 𝐽 = 1 (top) and 𝐽 = −1 (bottom).
This field configuration allows you to increase or decrease
the OAM of the quantum field by 1.
(a)
(f)
(a)
(b)
( )с
(d)
(e)
(f)
S
(a)
(b)
( )с
(d)
(e)
(f)
(a)
(f)
S
Figure 5. The normalized coefficients 𝜒𝑙,𝐽/𝑆𝑙−𝐽 depending on
the normalized relative shift for the momentum of the control
field 𝐽 = 1 (top) and 𝐽 = −1 (bottom).
It should be noted that each curve has a maximum
corresponding to a certain value of 𝑧𝑆 , i.e. conversion of
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any angular momentum down or up by 1 can be carried
out with high efficiency - about 0.9 for −1 conversion and
0.6−0.8 for +1 conversion. The reason for this difference
in the efficiencies of seemingly similar transformations is
the effective ”narrowing” of the coherence modes, which
was discussed above in the same section. In this case,
it is not so easy to determine the magnitude of the nar-
rowing, since the Laguerre–Gaussian modes at the input
of the cell have a spatial profile more complex than the
Gaussian ones.
On the top of the Fig. 5 the maximum value of the co-
efficients 𝜒𝑙,𝐽/𝑆𝑙𝐽 decreases with increasing of 𝑙 because
the radius of the beam 𝑤0
√
𝑙/2 increases with 𝑙 and in
full accordance with all of the above, the effective trans-
verse size of the restored mode is becoming smaller. But,
since we are following the retrieved mode, the size of
which is also smaller than the size of the one on the in-
put (𝑤0
√
𝑙 − 𝐽/2 < 𝑤0
√
𝑙/2), the coefficients do not dif-
fer much from 1 for small values of 𝑙. At large 𝑙, the effect
of lowering the efficiency from overlapping two different
Laguerre– Gaussian profiles becomes stronger than the
effect of ”focusing” of the flux of the number of photons
— the integral flux through the cross-sectional area of
the mode with the number 𝑙 turns at the output into the
flux through the cross-sectional area of the mode with a
lower index 𝑙−𝐽 and therefore, a smaller area. It leads to
an increase in the flux density and to greater efficiency.
On the bottom of Fig. 5 we see the opposite situa-
tion: for small 𝑙 values, the size of the retrieved mode
exceeds both the size of the original and the effective size
of the spin coherence discussed above, which is the rea-
son for the low efficiency. As 𝑙 grows, the negative effect
decreases and the effective overlap of modes increases.
Conversion processes with large momentum 𝐽 of the
driving field also occur with high efficiency, however, they
are similar to those considered above.
VI. CONCLUSION
We developed a quantum memory protocol for modes
with OAM. It turned out that neglection of the diffrac-
tion effects allow us to say that quantum field modes
with different OAMs evolve independently of each other.
The closed system of equations for the field operators ?^?𝑙
and the projections of collective spin coherences on the
Laguerre–Gaussian profiles ?^?𝑙 and 𝑐𝑙 could be constructed
in this case.
By choosing various profiles of the driving field, one can
simply store a quantum field with OAM with subsequent
retrieving into the same mode or to another spatial mode
with the different orbital momentum.
Storing and subsequent retrieval of the quantum states
with OAM can be performed without additional (relative
to standard Raman memory protocols) efficiency losses
if writing and readout are carried out by a plane wave.
Varying the configuration of the driving fields at the
writing and readout stages open up wide possibilities for
converting the OAM of the quantum field simultaneously
with storage. The appropriate set of the geometric pa-
rameters of the driving field ensures a high conversion
quality (with a conversion coefficient of ≈ 0.9).
In this case, the transformation does not depend on the
direction of wave propagation during writing or readout
stages.
The possibility of converting and simultaneously stor-
ing quantum states with OAM distinguishes the devel-
oped protocol from existing mode converters with OAM,
for example, q-plates [25] and phase holograms. The
transformation using q-plates significantly depends on
the intrinsic moment (rotation of the plane of polar-
ization) of the converted light - only circularly twisted
beams are converted and the intrinsic momentum, in the
general case, is not preserved during such conversion [26].
At the same time, our proposed method does not affect
the polarization of light at the output of the cell.
The main feature of the proposed conversion method is
that it allows simultaneously storing quantum-statistical
properties on a memory cell in one device and transfer-
ring these properties to modes with another OAM, which
allows, in practice, to significantly reduce the number of
optical elements in the experimental scheme.
This work was supported by the RFBR (grants 19-32-
90059, 19-02-00204, and 18-02-00648).
Appendix A: General solution of the Heisenberg
equations and the kernel of integral transformations
The process of solving equations (32)–(34) coincides
with that described in [1], so here we present calculations
only for the OAM conversion protocol described by the
equations (53)– (55). To solve the equations (53)–(55),
we perform the Laplace transform of the form:
𝑓𝑠(𝑧, 𝑠) =
∞∫︁
0
𝑑𝑡𝑓(𝑧, 𝑡)𝑒−𝑠𝑡. (A1)
Then the system of Heisenberg equations for Laplace-
images of field and atomic variables is as follows:√︀
𝑆𝑙
𝑑
𝑑𝑧
?^?𝑠𝑙 (𝑧, 𝑠) = −𝑔
√
𝑁
√︀
𝑆𝑙𝑐
𝑠
𝑙 (𝑧, 𝑠) (A2)√︀
𝑆𝑙(−𝑐𝑙(𝑧, 0) + (𝑠+ 𝑖Δ)𝑐𝑠𝑙 (𝑧, 𝑠)) = 𝑔
√
𝑁
√︀
𝑆𝑙?^?
𝑠
𝑙 (𝑧, 𝑠)
+Ω𝑚
𝜒𝑙,𝑚√
𝑆𝑙
√︀
𝑆𝑙−𝑚
?^?𝑠𝑙−𝑚(𝑧, 𝑠)
√︀
𝑆𝑙−𝑚 (A3)√︀
𝑆𝑙−𝑚(−?^?𝑙−𝑚(𝑧, 0) + 𝑠?^?𝑠𝑙−𝑚(𝑧, 𝑠)) =
= −Ω𝑚
𝜒*𝑙,𝑚√
𝑆𝑙
√︀
𝑆𝑙−𝑚
𝑐𝑠𝑙 (𝑧, 𝑠)
√︀
𝑆𝑙. (A4)
For convenience, we redefine the variables:
^˜𝑎𝑠𝑙 (𝑧, 𝑠) =
√︀
𝑆𝑙?^?
𝑠
𝑙 (𝑧, 𝑠); ^˜𝑐
𝑠
𝑙 (𝑧, 𝑠) =
√︀
𝑆𝑙𝑐
𝑠
𝑙 (𝑧, 𝑠);
^˜
𝑏𝑠𝑙−𝑚(𝑧, 𝑠) =
√︀
𝑆𝑙−𝑚?^?𝑠𝑙−𝑚(𝑧, 𝑠);
?˜?𝑙,𝑚 =
𝜒𝑙,𝑚√
𝑆𝑙
√︀
𝑆𝑙−𝑚
. (A5)
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Since we will further discuss the processes of storing in-
formation and its subsequent retrieving, for simplicity
we will declare 𝑐𝑙(𝑧, 0) = 0, assuming that at the writing
stage all atoms are prepared in the state |1⟩ and there
is no coherence between levels, and by the beginning of
the readout stage, the coherence 𝑐𝑙(𝑧, 0) is completely de-
cays during storage. In this case, it is easy to obtain an
equation describing the dynamics of a quantum field:
𝑑
𝑑𝑧
^˜𝑎𝑠𝑙 (𝑧, 𝑠) = −Γ𝑙,𝑚𝑠 ^˜𝑎𝑠𝑙 (𝑧, 𝑠)− 𝛼𝑙,𝑚𝑠 . (A6)
The following notation is introduced here:
Γ𝑙,𝑚𝑠 =
𝑔2𝑁
2
(︃
𝜇𝑙,𝑚
𝑠+ 𝑖̃︀Ω𝑚|?˜?𝑙,𝑚|𝜇𝑙,𝑚
+
𝜈𝑙,𝑚
𝑠− 𝑖̃︀Ω𝑚|?˜?𝑙,𝑚|𝜈𝑙,𝑚
)︃
, (A7)
𝛼𝑙,𝑚𝑠 (𝑧, 𝑠) =
1
𝑠2 + 𝑖Δ𝑠+Ω2𝑚|?˜?𝑙,𝑚|2
×
(︁
Ω𝑚?˜?𝑙,𝑚
^˜
𝑏𝑙−𝑚(𝑧, 0)
)︁
, (A8)(︂
𝜇𝑙,𝑚
𝜈𝑙,𝑚
)︂
= 1± 𝑟𝑙,𝑚√︁
𝑟2𝑙,𝑚 + 1
= 1± 𝑟√︀
𝑟2 + |?˜?𝑙,𝑚|2
,(A9)
?˜?𝑙,𝑚̃︀Ω𝑚 = ?˜?𝑙,𝑚Ω𝑚√︁𝑟2𝑙,𝑚 + 1
𝑟𝑙,𝑚 =
Δ
2Ω𝑚?˜?𝑙,𝑚
=
𝑟
?˜?𝑙,𝑚
. (A10)
(A11)
Here we can pass from operator quantities to c-numbers,
assuming that further we will be interested only in nor-
mally ordered means. Then the solution of the equations
(A2) - (A4) has the form:
?˜?𝑠𝑙 (𝑧, 𝑠) = −𝑔
√
𝑁
𝑧∫︁
0
𝑑𝑧′𝛼𝑙,𝑚𝑠 (𝑧
′, 𝑠)𝑒−Γ
𝑙,𝑚
𝑠 (𝑧−𝑧′)
+?˜?𝑠𝑙 (0, 𝑠)𝑒
−Γ𝑙,𝑚𝑠 𝑧 (A12)
𝑐𝑠𝑙 (𝑧, 𝑠) =
Γ𝑙,𝑚𝑠
𝑔
√
𝑁
?˜?𝑠𝑙 (𝑧, 𝑠) + 𝛼
𝑙,𝑚
𝑠 (𝑧, 𝑠) (A13)
?˜?𝑠𝑙−𝑚(𝑧, 𝑠) =
1
𝑠
(︁
?˜?𝑠𝑙−𝑚(𝑧, 0)− Ω𝑚?˜?𝑙,𝑚𝑐𝑠𝑙 (𝑧, 𝑠)
)︁
.(A14)
We perform the inverse Laplace transform and write
the solutions in the dimensionless variables 𝑡 = Ω𝑡 and
𝑧 =
2𝑔2𝑁
Ω
𝑧. Assuming ?^?𝑠𝑙 (𝑧, 0) = 0 at the writing stage,
we obtain the solution for the “recorded” spin coherence
𝑏𝑊𝑙 (𝑧, 𝑡), returning to the original variables accepted in
(A2 - A4):
𝑏𝑊𝑙−𝑚(𝑧, 𝑡)= −
𝑔
√
𝑁
Ω
𝜒𝑙,𝑚
𝑆𝑙−𝑚
𝑇𝑊∫︁
0
𝑑𝑡′𝑎𝑙(0, 𝑡′)𝐺𝑙𝑚𝑏𝑎 (𝑧, 𝑡− 𝑡′). (A15)
The transformation kernel 𝐺𝑙𝑚𝑏𝑎 (𝑧, 𝑡 − 𝑡′) can be written
as follows:
𝐺𝑙𝑚𝑏𝑎 (𝑧, 𝑡) = [𝑓
𝑙𝑚
0 (𝑧, 𝑡, 𝑟) * 𝑓 𝑙𝑚*0 (𝑧, 𝑡,−𝑟)] =
𝑡∫︁
0
𝑑𝑡′𝑓 𝑙𝑚0 (𝑧, 𝑡
′, 𝑟)𝑓 𝑙𝑚*0 (𝑧, 𝑡− 𝑡′,−𝑟) (A16)
𝑓 𝑙𝑚0 (𝑧, 𝑡, 𝑟) = 𝑒𝑥𝑝{−𝑖
(︂√︁
𝑟2 + |?˜?𝑙,𝑚|2 + 𝑟
)︂
𝑡}
×𝐽0
⎡⎣
⎯⎸⎸⎷𝑧𝑡(︃1 + 𝑟√︀
𝑟2 + |?˜?𝑙,𝑚|2
)︃⎤⎦Θ(𝑡). (A17)
Here 𝐽0 is the Bessel function of the first kind, Θ(𝑡) is the
transmission function: Θ(𝑡) = 1; 0 < 𝑡 < 𝑇 , where 𝑇 is
the interaction time (𝑇 = ˜𝑇𝑊 for writing and 𝑇 = 𝑇𝑅 for
readout). We assume that during storage the coherence
between the levels |1 > and |2 > is preserved without
any losses (𝑏𝑅𝑙 (𝑧, 0) = 𝑏
𝑊
𝑙 (𝑧, 𝑇𝑊 ). Then for the readout
stage we can write the following:
𝑎𝑅𝑙 (?˜?, 𝑡) = −
Ω
𝑔
√
𝑁
𝜒𝑙,𝑚
𝑆𝑙−𝑚
?˜?∫︁
0
𝑑𝑧 𝑏𝑊𝑙−𝑚(𝑧, 𝑡)𝐺
𝑙𝑚
𝑎𝑏 (?˜?− 𝑧, 𝑡).(A18)
In the Raman limit 𝑟 ≫ 1, we can simplify the expres-
sions above:
𝑓 𝑙𝑚(𝑧, 𝑡, 𝑟) −−−→
𝑟≫1
exp {−2𝑖𝑟𝑡}𝐽0
[︁√︀
2𝑧𝑡
]︁
Θ(𝑡), (A19)
𝑓 𝑙𝑚(𝑧, 𝑡,−𝑟) −−−→
𝑟≫1
1. (A20)
For kernels in the Raman limit we can write:
𝐺𝑙𝑚𝑏𝑎 (𝑧, 𝑡) = 𝐺
𝑙𝑚
𝑎𝑏 (𝑧, 𝑡) =
[︀
1 * 𝑓(𝑧, 𝑡, 𝑟)]︀ . (A21)
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